We relate the moduli of asymptotic uniform smoothness and convexity of a Banach space with the existence of upper and lower p -estimates of sequences in the space. To this end, we introduce two properties which are related to the (m p )-property defined by Kalton and Werner. In this way we obtain a connection between the moduli of asymptotic uniform smoothness and convexity, and compactness or weak-sequential continuity of multilinear mappings. Finally, we give some applications to the existence of analytic and asymptotically flat norms on a Banach space. © 2008 Elsevier Inc. All rights reserved.
Our main purpose in this paper is to obtain connections between the asymptotic structure of Banach spaces and properties of compactness or weak-sequential continuity of multilinear mappings. This will be achieved by studying the existence of upper and lower p -estimates for weakly null sequences in the spaces. As usual, an n-linear mapping T : X 1 × · · · × X n → Y between Banach spaces is said to be compact if it maps bounded subsets of X 1 × · · · × X n into norm relatively compact subsets of Y . We say that T is weakly sequentially continuous if it maps weakly convergent sequences in X 1 × · · · × X n into norm convergent sequences in Y . Analogous definitions apply to an homogeneous polynomial P : X → Y of degree n between Banach spaces, that is, a mapping of the form P (x) = T (x, . . . , x), where T : X × · · · × X → Y is a bounded n-linear map. It follows from Corollary 2.5 of [2] that if X 1 × · · · × X n does not contain copy of 1 then every weakly sequentially continuous n-linear mapping T : X 1 × · · · × X n → Y is compact. On the other hand, if X does contain a copy of 1 and Y is infinite-dimensional, for each n 2 there exists a symmetric n-linear mapping from X × · · · × X into Y which is not compact (see Remark II.2.1 in [14] ). Therefore, we shall be mainly interested in weak sequential continuity.
A classical result due to Littlewood [28] asserts that every bounded bilinear form on c 0 × c 0 is approximable by finite linear combinations of products of functionals on c 0 , and therefore it is weakly sequentially continuous. It was proved by Pitt [31] that the same is true for every bounded bilinear form on p × q provided p −1 + q −1 < 1. Note that this implies that every bounded linear operator from c 0 into 1 is compact, and so is every bounded linear operator from p into q if p > q. These results were extended by Pełczyński [30] who proved, in particular, that every bounded n-linear form on c 0 × · · · × c 0 is weakly sequentially continuous, and also that every bounded n-linear mapping from p × · · · × p into q is weakly sequentially continuous if nq < p. Further results along these lines are obtained in [1, 8, 17] , where compactness or weak sequential continuity of multilinear mappings and polynomials between Banach spaces is related to different kinds of summability properties of sequences in the spaces.
We are interested here in the asymptotic structure of spaces. To this end, we consider the moduli of asymptotic uniform convexity and smoothness of a Banach space. These notions were studied by Milman [29] and, since then, a number of related notions have been investigated. The "asymptotic" terminology was coined in [23] where the authors survey most of known results concerning these moduli. In [19] and [16] these moduli are related to the high order smoothness of a Banach space, that is, the existence of high order Fréchet differentiable bump functions on the space. In [9] , a connection between these moduli and properties of weak sequential continuity of polynomials is obtained. We begin with some definitions.
For an infinite-dimensional Banach space (X, · ), the modulus of asymptotic pointwise convexity is defined for x = 1 and t > 0 by
and the modulus of asymptotic uniform convexity is defined for t > 0 by
The modulus of asymptotic pointwise smoothness is defined for x = 1 and t > 0 by
and the modulus of asymptotic uniform smoothness is defined for t > 0 by
The space X is said to be asymptotically uniformly convex if δ X (t) > 0 for every 0 < t 1, and asymptotically uniformly smooth if ρ X (t)/t → 0 as t → 0. Along the paper, we will use power type estimates of moduli. More precisely, for 1 p < ∞ we say that X has modulus of asymptotic uniform convexity of power type p if there exists C > 0 such that δ X (t) Ct p , for all 0 < t 1. In the same way, X has modulus of asymptotic uniform smoothness of power type p if there exists C > 0 such that ρ X (t) Ct p , for all 0 < t 1. For example, in the case of space p with 1 p < ∞, we have that ρ p (t) = δ p (t) = (1 + t p ) 1/p − 1; and for the space c 0 we have ρ c o (t) = δ c o (t) = 0 for every 0 < t 1. As a consequence, p has modulus of asymptotic uniform convexity and smoothness of power type p for every 1 p < ∞. Note in particular that 1 is asymptotically uniformly convex and c 0 is asymptotically uniformly smooth. According to Kalton and Werner in [24] , a Banach space (X, · ) is said to have property (m p ) where 1 p < ∞ if, whenever x ∈ X and (h n ) → 0 weakly, lim
In [24] it is proved that, for 1 < p < ∞, if a separable space does not contain copy of 1 and enjoys property (m p ), then it is almost isometric to a subspace of an p -sum of finite-dimensional spaces. We introduce here the following related properties. The space X is said to have upper (m p )-property with constant C > 0 if whenever x ∈ X and (h n ) → 0 weakly,
In the same way, the space X is said to have lower (m p )-property with constant C > 0 if whenever x ∈ X and (h n ) → 0 weakly, lim
It is clear that in the above definitions we can restrict ourselves to consider points x in the unit sphere S X of the space X. On the other hand it is plain that to have lower and upper (m p )-properties with constant 1 is equivalent to have (m p )-property.
Moduli of uniform asymptotic convexity and smoothness and p -estimates of sequences
In this section we study the connections of the existence of power-type estimates for the moduli of uniform asymptotic convexity and smoothness with lower and upper (m p )-properties, and also with the existence of p -estimates for weakly null sequences in the space. In this respect, the following fundamental result due to Delpech (see Lemma 10.3 of [9] ) will be very useful. Finally, if 1 < lim n→∞ h n < R,
Therefore,
where
Next we give the analogous result for the modulus of asymptotic uniform smoothness, which can be obtained in a similar way. In fact, this is a reformulation of Delpech's result [9, Lemma 10.7] Thus,
Finally, we prove (3) ⇒ (1). Note that the hypothesis of separability of X * is only used here. Suppose that (3) holds but there exists 0 < t 1 such that δ X (t) < α < Kt p . Then there exists x ∈ S X such that δ X (t; x) < α < Kt p . Thus for each finite-codimensional subspace H of X, there exists h ∈ H with h t and x + h − 1 α. Now let (x * n ) n∈N be a dense sequence in X * and for each n ∈ N consider the finite-codimensional space
Ker x * i . Then we can construct a sequence (h n ) n∈N such that h n ∈ H n and h n t for every n, and
By the construction the sequence (h n ) n∈N is weakly null, and this contradicts (3). 2
The case of the modulus of asymptotic uniform smoothness can be carried out in an analogous way. Proposition 1.5. Let 1 < p < ∞ and let X be an infinite-dimensional Banach space such that X * is separable. The following are equivalent:
(1) X has modulus of asymptotic uniform smoothness of power type p.
There exists K > 0 such that for every x ∈ S X , every 0 < t 1 and every weakly null sequence (h n ) n∈N in X with h n t,
Note that in general, if the space X * is not separable, the above result does not hold. For example, the space X = 1 has the upper (m p )-property for every p > 1, since weakly null sequences are norm null. Nevertheless, ρ 1 (t) = t is not of power type p if p > 1.
Next we recall several summability properties of sequences in a Banach space X. If 1 < p < ∞, a sequence (x n ) n∈N in X is said to admit an upper p-estimate (respectively, a lower p-estimate) if there is a constant C > 0 such that for every a 1 , . . . , a n ∈ R, n ∈ N,
Following [25] and [17] , we say that X has S p -property (respectively, T p -property) if every weakly null normalized sequence (x n ) n∈N in X admits a subsequence with an upper p-estimate (respectively, with a lower p-estimate).
In the same way, a sequence (x n ) n∈N in X is said to be p-Banach Saks if there is a constant C > 0 such that, for every m ∈ N,
According to [3] , the space X is said to have the weak p-Banach Saks property if every weakly null sequence in X admits a p-Banach Saks subsequence. Proof. We first prove that the space X has the weak p-Banach Saks property. Let (x n ) n∈N be a weakly null sequence in X. Suppose that x n < M for all n. Since X has upper m p -property there exists a constant C 1 such that for every x ∈ X,
Using this for x = x 1 there exists n 2 > n 1 = 1 such that
Now there exists n 3 > n 2 such that
Proceeding in the same way we may choose a subsequence (x n k ) k∈N of (x n ) n∈N verifying that for every m ∈ N,
Then, (x n k ) k∈N is a p-Banach Saks sequence, and the space X has the weak p-Banach Saks property. Finally, it follows from [3] that the space X has S r -property for all 1 < r < p. 2
We show now that in the case that the space X has separable dual it is possible to obtain r = p in Proposition 1.6, and it is also possible to obtain the analogous result for lower (m p )-property. In order to prove these results we need the following lemma, which is analogous to Lemma 3.1 in [24] . Lemma 1.7. Let 1 < p < ∞ and let X be a Banach space with X * separable.
(1) If X has upper (m p )-property with constant C 1, then for every finite-dimensional subspace E of X and every η > 0 there is a finite-codimensional subspace H of X such that for all x ∈ E and h ∈ H ,
(2) If X has lower (m p )-property with constant C 1, then for every finite-dimensional subspace E of X and every η > 0 there is a finite-codimensional subspace H of X such that for all x ∈ E and h ∈ H ,
Proof. We prove (1) and the proof of (2) is similar. Fix a sequence (x * n ) n∈N dense in X * , and for each n consider the finite-codimensional subspace H n = n i=1 Ker x * i of X. Now let E be a finite-dimensional subspace of X. If the result is not true, there exists some η > 0 such that, for each n we can find x n ∈ E and h n ∈ H n such that
Then each x n = 0 and considering u n =
x n x n and k n = h n x n we have that
Note that by construction the sequence (k n ) n∈N is weakly null. On the other hand, since E is finite-dimensional, taking sequences we can assume that (u n ) n∈N is convergent to some u ∈ E and
But this is a contradiction with upper (m p )-property. 2 Proposition 1.8. Let 1 < p < ∞ and let X be a Banach space with X * separable.
Proof. We prove (1) and the proof of (2) is similar. Suppose that X has upper (m p )-property with constant C > 1, and let (x n ) n∈N be a normalized weakly null sequence in X. Choose a sequence (η n ) n∈N of positive numbers such that
, and from Lemma 1.7 we obtain a finite-codimensional subspace H 1 of X such that for every h ∈ H 1 and every a 1 ∈ R,
Let F 1 be a finite-dimensional subspace of X such that X = H 1 ⊕ F 1 . Then for each n we have that x n = h n + z n , with h n ∈ H 1 and z n ∈ F 1 . Since (x n ) is normalized and weakly null, we obtain that z n → 0 and h n → 1. Taking into account that for n large enough we have
we may choose n 2 > n 1 = 1 such that for every a 1 , a 2 ∈ R,
Proceeding by induction, and applying Lemma 1.7 at each step k to the subspace E k = [x n 1 , . . . , x n k ], we obtain a subsequence (x n k ) k∈N such that for every k ∈ N and every a 1 , . . . , a k ∈ R we have
Therefore the subsequence (x n k ) k∈N has an upper p-estimate, and consequently the space has S p -property. 2 Remark 1.9. For a Banach space X with separable dual and 1 < p < ∞, the proof of Proposition 1.8 actually shows that, if X has upper (m p )-property (respectively, lower (m p )-property) then X has uniform S p -property (respectively, uniform T p -property). Recall that X is said to have uniform S p -property (respectively, uniform T p -property) if there exists a constant C > 0 such that every weakly null normalized sequence in X admits a subsequence with an upper p-estimate (respectively, lower p-estimate) with the same constant C (see Section I.2 of [14] ). By [22] , uniform S pproperty is equivalent to S p -property but, as can be seen in [14] , T p -property does not imply uniform T p -property. Consider in this respect the following example given in [14] and [17] . Fix 1 < p < 2 and for each 0 < λ < 1, let X λ be the subspace of ( p ⊕ 2 ) p generated by {λe n + u n } n∈N where (e n ) n∈N (respectively (u n ) n∈N ) is the unit vector basis of p (respectively of 2 ). Now let X = (
Then X is a reflexive and separable Banach space with T p -property but without uniform T p -property. As a consequence, X does not have a lower (m p )-property and therefore X does not have modulus of asymptotic uniform convexity of power type p. In particular, the converse of the above proposition is not true in general.
Combining with our previous results, we summarize. Corollary 1.10. Let 1 < p < ∞ and let X be a Banach space.
(1) If X has modulus of uniform asymptotic smoothness of power type p, then X has S r -property for r < p (and r = p if X * is separable). (2) If X has modulus of uniform asymptotic convexity of power type p and X * is separable then X has T p -property. Remark 1.11. Let J be the James space. In [32] , the following norm on J is considered. If x = (x n ) n∈N ∈ J :
where the supremum is taken all over all sequences 1 n 1 < n 2 < · · · < n 2m+1 , with m ∈ N. If {e n } n∈N is the unit vector basis of J , for each m we denote by H m and H m , respectively, the closed subspaces of J generated by {e n : 1 n m} and by {e n : n > m}. It is easy to check that if
Using this and taking into account that (see e.g. Remark 2.2 in [19] ):
we obtain that the above norm on J has modulus of asymptotic uniform smoothness of power type 2. It would be interesting to know whether this norm has modulus of asymptotic uniform convexity of power type 2. Note that it follows from [15] that both J and J * have S 2 -property and T 2 -property.
Moduli of asymptotic smoothness and convexity and compactness of multilinear mappings
In this section we obtain our main results showing a connection of the moduli of asymptotic uniform smoothness and convexity with compactness or weak sequential continuity of multilinear mappings and polynomials between Banach spaces. 
Proof.
We proceed by induction on n. It is enough to consider the case T = 1, and it is sufficient to prove that T is weakly sequentially continuous at 0. For n = 1 this is clear. For the inductive step, suppose that the result is true for every m < n.
Fix 0 < t < 1 and for every i = 
By the inductive hypothesis we have that
Therefore, by Lemma 1.1 we obtain for some constant K > 1 that
. Now considering the operator (−T ) we obtain that in fact lim
. . , h n k ) = 0, from which the result follows. 2
The conditions of the above theorem are satisfied, for example, if ρ X i (t) = o(t n ) for every i = 1, . . . , n. In particular, we obtain the following corollary, which improves slightly the corresponding results of [9] and [17] .
Corollary 2.2. Let X be an infinite-dimensional Banach space such that ρ X (t) = o(t n )
for some n ∈ N. Then every scalar polynomial on X of degree n is weakly sequentially continuous.
Next we give an analogous result to Theorem 2.1 for vector-valued multilinear mappings.
Theorem 2.3. Let X 1 , . . . , X n , Y be infinite-dimensional Banach spaces such that each ρ X i is of power type p i with
1 p 1 + · · · + 1 p n = 1 p < 1. Suppose that there exists 0 < t < 1 such that δ Y (t) > (1 + t p ) 1/p − 1. Then every bounded n-linear mapping T from X 1 × · · · × X n into Y is
weakly sequentially continuous, and therefore it is compact.
Proof. As before, it will be sufficient to prove that T is weakly sequentially continuous at 0. Since there exists 0 < t < 1 such that δ Y (t) > (1 + t p ) 1/p − 1, we can find some 1 < r < p such that δ Y (t) > (1 + t r ) 1/r − 1 > (1 + t p ) 1/p − 1, and for each i = 1, . . . , n some 1 < r i < p i such that
Now if T is not weakly sequentially continuous at 0, there exists for each i = 1, . . . , n a weakly null sequence The second part of Corollary 2.4 above has been obtained by Delpech in [9] , using a different method. On the other hand, Corollary 2.4 can be slightly improved in the following way. Theorem 2.5. Proof. It is clear that (2) follows from (1). In order to prove part (1), we follow the lines of Theorem 2.3. For each i = 1, . . . , n choose 1 < r i < p i such that 1
. . , X n , Y be infinite-dimensional Banach spaces such that each X i has upper (m p i )-property and Y has the lower (m q )-property. If
If we suppose that T is not weakly sequentially continuous at 0, there exists for each i = 1, . . . , n a weakly null sequence k∈N is not norm null, taking subsequences and using Proposition 1.6 we can assume that (h i k ) k∈N is a seminormalized sequence which admits an upper r iestimate. Then, by the proof of the Lemma in [8] , we obtain that the sequence (y k ) k∈N k∈N in Y has an upper r-estimate. This means that there exists a continuous linear operator S : r → Y such that S(e k ) = y k for every k, where (e k ) k∈N denotes the usual basis of r . Now for every 0 < ε < 1, choose u ∈ r with u = 1 and such that (1 − ε r ) S q S(u) q . Since (εy k ) k∈N is weakly null and Y has lower (m q )-property with some constant C, we obtain that
Letting ε → 0 we obtain a contradiction, since r > q. 2 We finish this section obtaining some results for asymptotic p -spaces. A Banach space with a Schauder basis {e n } n∈N is said to be asymptotic p with respect to the basis if there is a constant C 1 such that, for every N ∈ N, there exists a function F N : N → N so that whenever x 1 < · · · < x N are successive normalized block vectors with supp(
is C-equivalent to the unit vector basis of N p , that is, for every a 1 , . . . , a N ∈ R, we have
. Proposition 2.6. Let 1 < p < ∞ and let X be a reflexive asymptotic p -space. Then, X has S r -property for all r < p.
Proof. In [10] it is proved that if X is a reflexive asymptotic p -space then every spreading model of X is isomorphic to p . Let now (x n ) n∈N be a weakly null normalized sequence in X. Since the spreading model generated by the sequence (x n ) n∈N is isomorphic to p , the fundamental sequence of this spreading model has an upper p-estimate. Then by Theorem 1.4. in [17] it follows that (x n ) n∈N admits a subsequence with an upper r-estimate for all r < p. 2 Corollary 2.7. Let 1 < p < ∞ and let X be a reflexive asymptotic p -space. Then every scalar polynomial on X of degree n < p is weakly sequentially continuous.
We note that, in the non-reflexive case, it is not true in general that all the spreading models of an asymptotic p -space are isomorphic to p . For example, as can be seen in [10, p. 36] , the James space J (which is an asymptotic 2 -space) has spreading models isomorphic to James space itself, and therefore not isomorphic to 2 .
Analytic norms and asymptotic flatness
In [19] the modulus of asymptotic uniform smoothness of spaces with uniformly C k smooth norms and bump functions is studied. In this section we investigate the modulus of uniform asymptotic smoothness of equivalent analytic norms. Recall that if a Banach space X has an equivalent analytic renorming and does not contain c 0 , then X has a separating polynomial, that is, a scalar polynomial P on X such that P (0) = 0 and inf x =1 P (x) > 0 (see e.g. [7] ). In this case it is shown in [16] that, if X is separable and, for some k ∈ N, X is 2k -saturated and has a 2k-polynomial norm in the sense that · 2k is a 2k-homogeneous polynomial, then such a norm has modulus of asymptotic uniform smoothness and convexity of power type 2k. Here we are interested in spaces with an equivalent analytic norm which contain no copy of 2k for any k ∈ N or, equivalently, which are c 0 -saturated (see e.g. [7] ).
According to [11] , a Banach space (X, · ) is said to be asymptotically uniformly flat if there exists t 0 > 0 such that ρ X (t 0 ) = 0 (or equivalently, ρ X (t) = 0 for all 0 < t t 0 ). This property is equivalent to say that X is Lipschitz w * -Kadec-Klee, in the sense of [12] . As we have mentioned before, for the space c 0 we have ρ c o (t) = 0 for every 0 < t 1, so c 0 is asymptotically uniformly flat. In [11] (see also [12] ) it is proved that c 0 is the largest space with this property, in the sense that if X is an asymptotically uniformly flat space then X is isomorphic to a subspace of c 0 . Related to this notion we introduce the following definition. We say that (X, · ) is asymptotically flat if for each x ∈ X with x = 1 there exists t x > 0 such that ρ X (t; x) = 0 for all 0 < t t x .
If the space X has separable dual, we obtain a characterization of asymptotically flat norms in an analogous way to Proposition 1.5. Note that we may indeed assume that x + y 1 for all y ∈ Y , since otherwise we can consider Y ∩ Ker x * , where x * ∈ S X * and x * (x) = 1. Now fix 0 < t x < t x , and consider a weakly null sequence (h n ) n∈N in X with h n t x . Let F be a finitedimensional subspace of X such that Y ⊕ F = X, and for each n let h n = y n + v n , with y n ∈ Y and v n ∈ F . Since v n → 0 we may choose n 0 large enough so that, for every n n 0 , we have v n ε/2 and y n h n + v n < t x . Consequently, for every n n 0 , we have
Therefore, lim n→∞ x + h n = 1. In order to prove (2) ⇒ (1), let x ∈ S X and t x as in (2) and assume that ρ X (t x ; x) = α > 0. Let (x * n ) n∈N be a dense sequence in X * and for each n ∈ N consider the finite-codimensional space H n = n i=1 Ker x * i . Then we can construct a sequence (h n ) n∈N such that h n ∈ H n and h n t x for every n, and
Since by construction (h n ) n∈N is weakly null, we get a contradiction. 2 Remark 3.2. In [5] , a uniform version of condition (2) in Proposition 3.1 above is related with the existence of certain "asymptotically uniformly flat" separating functions. More precisely, the space X is defined to have Property (S) if there exists a continuous function b :
is an open neighborhood of the origin, and α > 0, such that for every x ∈ X and every weakly null sequence (h n ) in X with h n α, we have that
Then it is proved in [5] that if X has Property (S) then there exist an equivalent norm ||| · ||| on X and t 0 > 0 such that, for every x ∈ X with |||x||| = 1 and every weakly null sequence (h n ) in X with |||h n ||| t 0 we have that lim n |||x + h n ||| = 1. For spaces with separable dual it can be proved that this property is equivalent to asymptotic uniform flatness of the space.
As a consequence of Proposition 3.1, we obtain: Corollary 3.3. Let X be an infinite-dimensional Banach space with analytic norm and such that every scalar polynomial on X is weakly sequentially continuous. Then X is asymptotically flat.
Proof. By [21] if X has an analytic norm and every scalar polynomial on X is weakly sequentially continuous then X separable. Moreover, since X is Asplund, the space X * is also separable. Thus we can apply Proposition 3.1 above. Fix x ∈ X with x = 1. Since the norm · is analytic at x, there exists t x > 0 and a sequence (P m ) m∈N where each P m is an homogeneous polynomial of degree m on X, such that
and this series is uniformly convergent for h t x . Since each P m is weakly sequentially continuous, for every weakly null sequence (h n ) n∈N in X with h n t x we obtain that
Remark 3.4. There are asymptotically flat spaces which are not asymptotically uniformly flat. Indeed, consider the space d * (w; 1), which is the natural predual of the Lorentz sequence space d(w; 1), associated to a real decreasing to zero sequence w = (w n ) n∈N . In [18] it is shown that for any sequence w = (w n ) n∈N , the space d * (w; 1) has a countable boundary and therefore admits an equivalent analytic norm. On the other hand, it is proved in [4] We finish this paper by considering Orlicz sequence spaces. First we will provide conditions for an Orlicz sequence space to satisfy the requirement on the modulus of asymptotic uniform smoothness in Theorem 2.1 and Corollary 2.2.
Recall that an Orlicz function M is a continuous, nondecreasing, convex function defined for t 0 such that M(0) = 0 and lim t→∞ M(t) = ∞. We always assume in addition that M is non-degenerate, that is, M(t) > 0 for all t > 0. The associated Orlicz sequence space h M is defined as the space of all real sequences x = (x n ) n∈N such that for every ρ > 0,
Proof. (1) ⇒ (2). It follows from Corollary 3.3.
(2) ⇒ (4). By Proposition 3.1 we obtain that h M admits an equivalent analytic norm which is locally weakly sequentially continuous away from 0. Then the last part of the proof of Theorem 5 in [21] gives that h M has a boundary which can be covered by a countable family of compact sets, and therefore, by [20] , h M is isomorphically polyhedral.
(4) ⇒ (3). If the space is isomorphically polyhedral, by [13] it is c 0 -saturated and moreover, by [6] it admits an equivalent analytic norm.
(3) ⇒ (1). As it is shown in [26] , if h M is c 0 -saturated, then for every 1 q < ∞ we have sup 0<λ,t 1
M(λt) M(λ)t q < ∞.
Then, it follows from Corollary 2.2 and Proposition 3.5 that every scalar polynomial on h M is weakly sequentially continuous. 2 Remark 3.7. In general, the conditions of Corollary 3.6 above are not all equivalent, even for spaces with symmetric basis. In this respect, consider the predual d * (w; 1) of the Lorentz sequence space d(w; 1), associated to a real decreasing to zero sequence w = (w n ) n∈N . As we have mentioned before, it is shown in [18] that for any sequence w = (w n ) n∈N , the space d * (w; 1) has a countable boundary, thus it is isomorphically polyhedral, and therefore it admits an equivalent analytic norm and it is c 0 -saturated. On the other hand, as can be seen in [18] , if we choose w = ( 1 n ) n∈N , then the usual basis of d * (w; 1) admits a lower p -estimate for all p > 1. Therefore, in this case there exists a polynomial of degree 2 on d * (w; 1) which is not weakly sequentially continuous.
